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Abstract. We study transcendental singularities of a Schroder 
map arising from a rational function /, using results from complex 
dynamics and Nevanlinna theory. These maps are transcendental 
meromorphic functions of finite order in the complex plane. We 
show that their transcendental singularities lie over the set where 
/ is not semihyperbolic (unhyperbolic). In addition, if they are 
direct, then they lie over only attracting periodic points of /, and 
moreover, if / is a polynomial, then both direct and indirect sin- 
gularities lie over attracting, parabolic and Cremer periodic points 
of /. We also obtain concrete examples of both kinds of transcen- 
dental singularities of Schroder maps as well as a new proof of 
the Pommerenke-Levin-Yoccoz inequality and a new formulation 
of the Fatou conjecture. 



I. Introduction 

Let / be a rational function on C of degree d = deg / > 2, i.e., 
the critical set C(f) := {/'(c) = 0} 7^ 0. Denote its k-th iterate 
{k G NU{0}) by f k . For details of complex dynamics, see, for example, 
P3], [IS], [20]. For every repelling periodic point zq of / of period p, 
there exists a unique meromorphic map h on C, which is called the 
Schroder map of f at z , such that h(0) = z , h'(0) = 1 and 

(1.1) fP o h = ho X 

on C. Here the multiplier A := (/ p )'(z ) (|A| > 1) also denotes multipli- 
cation by A on C. Using complex dynamics and Nevanlinna theory, we 
study the relationship between singularities of Schroder maps h and the 
unhyperbolicity of /. Following Carleson- Jones- Yoccoz [3], we say that 
/ is not semihyperbolic or, more conveniently, unhyperbolic at a G C if 



Date: July 30, 2007. 

2000 Mathematics Subject Classification. Primary 37F10; Secondary 30D05, 
30D35, 37F15. 

Key words and phrases. Schroder map, transcendental singularity, unhyperbol- 
icity, complex dynamics, Nevanlinna theory, Pommcrcnkc-Levin- Yoccoz inequality, 
Fatou conjecture. 

1 



2 



DAVID DRASIN AND YUSUKE OKUYAMA 



for every open neighborhood U of a, 

(1.2) supmaxdeg(/ fc : V~ k -> U) = oo, 

ken v ~ k 

where V~ k ranges over all components of f~ k (U). We denote by UH(f) 
(unhyperbolic) the set of all such a G C. 

Notation 1.3. U r (a) is the spherical open disk centered at a G C and 
of radius r > 0. Let F(f) and J(f) be the Fatou and Julia sets of 
/, respectively, and let AT(f), PB(f) and CM(f) be the attracting, 
parabolic and Cremer periodic points of /, respectively. 

If g is transcendental meromorphic on C, we can consider more gen- 
eral singularities than its critical set C(g): let 91 be the set of decreasing 
families A = {A r } r>0 C 2 C , so that A s C A r if s < r. Let TS(g) C 9t 
be the set of .4 G 91 such that there exists (the unique) a = G C 
such that for every r > 0, A r is a component of <7 _1 ({7 r (a)) and in 
addition that f] r>0 A r = (cf. |3J). Each A G TS(g) is called a tran- 
scendental singularity of g, and we extend g to the map from CU TS(g) 
to C by setting g(A) := a for ^4 G TS(g). Following terminology due 
to Iversen [S], .4 is said to be direct if the point g{A) is not contained 
in g(A r ) for some r > 0, and indirect otherwise. 

For a sequence (2^) C C, we say that Zk — > A as k — > 00 if for each 
r > 0, Zk G v4 r for all large k G N. Similarly, for an arc 7 : (—00, 00) — > 
C, we say that 7(£) — > A as t — >• 00 if for each r > 0, 7(t) G A r for all 
large t > 0. We call 7 an asymptotic arc of g if lim^ 00 7(t) = 00 and 
lim t ^oo g^it)) G C exists. For every asymptotic arc 7 of g, there is the 
(unique) A G TS(g) associated with 7, so that j(t) — > ^4 as t — » 00. 
Conversely, for every ^4 G TS(g), there is an asymptotic arc 7 of g to 
which ^4 is associated; indeed many such arcs. 

Remarks. This definition of A slightly modifies the classical one (eg. 
in [T6l §XI]), where g{A) is called a transcendental singularity of g^ 1 . 
In the study of entire-meromorphic maps, the term asymptotic curve 
is more common than asymptotic arc, but we prefer the latter since it 
seems more in keeping with usage in dynamics. 

For A = {A r }, B = {B r } G % we say A ~ B if 

• for every r > 0, there exists s > such that A s C B r , 

• for every r > 0, there exists s > such that 5 S C A r . 
This defines an equivalence relation on 91. 

When g is a Schroder map fa as (11.11) . we call the map A = A/, below 
the natural extension of the multiplication action of A on C since from 
([HP , we have h o A = f p o h on TS{h). 

Theorem 1.4. Let / and fa 6e as above. Then there exists a map 
A = A h : TS(h) -> TS(fa) sucfa tfaat /or eac/i ^. = {A r } G T5(fa) ; 

(1.5) A^~{AA r } r>0 . 
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The map A is bijective and preserves the direct or indirect character of 
A G TS(h), i.e., A is direct if and only if AA is direct. 

Definition 1.6. An A G TS(h) is periodic if it is periodic under A^. 

Theorem 11.41 is shown by a careful chase of the functional equation 
(11. ip . For reader's convenience, we include the proof in £j3j 

In some ways, this paper may be viewed as a continuation of [3], 
which studies the growth with k of the proximity function m(a, f k ) as 
a varies in C. Thus as in [5], we consider the omega-limit set 

ujf(c) := {z G C; 3k j — > oo such that lim f k] (c) = z} 

j-*oo 

for each c G C, and define the Mane set of / as 

M(f) : = |J W/ (c). 
ceC(f)nJ(f) 

such that c£ujf(c) 

We will recall in ^21 that CM(f) C M(f) and that AT(f) U PB(f) U 
M{f) coincides with UH{f). 
One of our principal results is: 

Theorem 1. Let h be a Schroder map of the rational function f . Then 

(1.7) h(TS(h)) c AT(f) U P5(/) U M(f), 

(1.8) fc({.4 G TS(h); periodic}) C AT(f) U PP(/) U CAf (/), 

(1.9) /i(M G rS(/i); dzrect}) C AT(/). 

In general, the inclusion (11.91) is proper. As an example, we have: 

Theorem 2. Let h be a Schroder map of the rational function f at a 
repelling fixed point zq of f of multiplier X, let D an immediate basin 
of a £ AT(f) U PB(f), and suppose that a component W of h~ l (D) is 
periodic (under A) in that X N W = W for some N G N (so f N (D) = D) . 
Then for every Wo G W , there is an asymptotic arc 7 : (—00, 00) — > W 
of h with 7(0) = w and lim^oo h(j(t)) = a such that for every t G 
(-00,00), 

(1.10) 7 (* + l) = A Af 7W- 

Suppose that a G AT(f). If f~ N (a) n D ^ {a}, then W n /r^a) ^ 0. 
^7(0) = w o G W fl /i _1 (a), i/ien ^4 G TS(h) associated with this 7 is 
indirect. If there exists an indirect A = {A r } G TS(h) with h(A) = a 
and A r CW for some r > 0, then D H C(f N ) ^ {a}. 

Replacing / by f n for an appropriate n G N, we may apply Theorem 
[5] to every immediate basin D of a G AT(f) U PB(f), by a theorem of 
Przytycki-Zdunik [TjJl Theorem A] (see also Pommerenke [TH1 §2] when 
D is simply connected): <9-D contains a dense subset of repelling periodic 
points zq of f accessible from D along an arc F = T zo : [0, 1] — > D such 
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that T(0) = z Q , r((0, 1]) C D and Y C f n (T) for some n e N. We 
note that Zq is fixed by f n , and put A := (f n )'(zo). For all small 
s > 0, the Schroder map h of f n at z is univalent on {|iu| < s}, 
and we can assume that T C (/ n )(r) C |w | < s}). Choose W as 
(h\{\w\ < s}) _1 (r) C W. Then we have W = XW. 

Corollary 1. For every a G AT(f) U PB(f) of the rational function 
f, there exists a Schroder map h of f with a G h(TS(h)). 

We apply these results to two concrete dynamical issues. 

Pommerenke-Levin-Yoccoz inequality. Suppose that the rational 
function / is a polynomial and that p — 1, i.e., f(zo) = Zq. Then 
h is an entire function of order p = (log d) / log | A | (see ^2). Let Doo 
be the immediate basin of oo, and let = qoo(h) be the number of 
components of h~ l (D oa ). Eremenko and Levin [G] proved that < 
2p V 1, that every component of /i~ 1 (D 00 ) is periodic under A and ([6, 
p. 1260]) that if J is the component of J(f) with z G Jo and 

(EL) Jo ^ M 

(eg., if there are at least two components of h~ 1 (D oa )), then 

(1.11) goo < 2p. 

A spiral version of Denjoy's conjecture (see Theorem 16.21 below), 
which was considered by Ahlfors [lj and proved unambiguously by 
Hayman/ Jenkins (cf. Theorem 8.21], [H]) establishes a refinement 
of (11.111) : condition (IELI) implies that for every asymptotic arc 7 : 
(—00, 00) — > C of h with lim^oo h{^{t)) = 00, 

As a special case, (11.121) has a dynamical implication: for each com- 
ponent VP of h-^Doo), let g w be the least JVeN such that X N W = W, 
and let jw '■ (~ 00, 00) — » be an asymptotic arc of /i obtained by 
Theorem [2j Then by (11.101) , for every k G N, we have 

(1.13) lw {k) = A fc ^ 7 ^(0). 

If ( IELI) holds, then we can define a single- valued branch aig w { ) of 
arg(-) on W, and there exists a (unique) G {0, 1, ■ ■ ■ , qw — 1} such 
that for some branch of arg A, 

(1.14) &ig w (\ qw w) - &rg w (w) = q w &rg\- 2ixp w 

for every w G W. We can also show that both q = qw and p = pw are 
independent of W (see the discussion of ( 16.81) below). Therefore, 

Corollary 2. Let h be a Schroder map of a polynomial f of degree 
d > 2 at a repelling fixed point zq of f having multiplier A. Assume 
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( \EL\i , and let qoo,P,<l be as above. Then there is a branch o/argA so 
that 

(L15) log|A| ) )^ 2p = 2 ^lX\- 

Inequality (11.151) was shown by Pommerenke [H] and Levin [TT] in 
somewhat weaker form, by Yoccoz (unpublished) in an equivalent form 
to (I1.15P under the assumption J = J(f), and by Jin [TU] under (1ELI) . 

Fatou conjecture. We consider the unicritical polynomial family 

{f c (z) = z d + c;ceC}^C, 

and note that C(f c ) flC = {0} while oo G AT(f c ). The Mandelbrot set 
and its hyperbolicity locus are defined as 

C := {c G C; lim |/ c fc (0)| + oo}, H := {c G C; AT(fc) H C ^ 0} 

fc— >oo 

respectively. It is known that H is an open and closed subset of int C 
( pt Theorem 4.4]). 

We say that a covering selfmap g of C, which is possibly ramified 
and not surjective, covers a point a G C completely if there exists r > 
such that (?~ 1 (L r r (a)) has no unbounded component; g itself is complete 
if it covers all a G C completely (cf. [2, I. 21A]). 

Corollary 3. Let c G intC. Then c G" Ti if and only if every Schroder 
map of f c is a complete covering selfmap of C. 

We remark that it has been expected for a long time that 

int C = H; 

this is known as a Fatou conjecture (cf. [131 p. 58]). Perhaps our char- 
acterization of 7i might be helpful in understanding this conjecture. 

2. Dynamical and Nevanlinna-theoretic results 

Let / be a rational function on C of degree d > 2. 
Mane's theorem and Siegel compacta. Consider the set UH(f) in 
fOj) . By a standard argument (cf. §2]), we have UH(f) n F(f) = 
AT(f) and UH(f)nJ(f) D PB(f)UM(f), and Mane's theorem below 
sharpens the second containment to equality, so that 

UH(f) = AT(f)UPB(f)UM(f). 

Theorem 2.1 ([12, Theorem II]). For every a G J(f)\(PB(f)UM(f)) 
and every e > 0, there exists an open neighborhood U of a such that 

sup max diam V~ k < e, supmaxdeg(/ fc : V~ k — > U) < d 2d ~ 2 , 
ken v~ k ken v~ k 

(2 2) nm max diam V~ k = 0, 

where V~ k ranges over all components of f~ k {U). 
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We also use Perez-Marco's theorem on indifferent fixed points. 

Theorem 2.3 ( [TT1 Theorem 1]). Let <ft be an analytic germ at an 
indifferent fixed point x £ C, which is univalent on an open set com- 
pactly containing a Jordan neighborhood UcCofx. Then there exists 
a continuum K C U , which is called a Siegel compactum associated to 
(<f), U, x), such that x £ K = <p(K) <£_ U and C\K is connected. 

Meromorphic maps of finite order. Let g be a meromorphic map 
on C. The order of g is p = p g := limsup r _ >00 (logT(r, p))/(logr) £ 
[0, +oo] (cf. (TBI p. 215]). When p g < oo, as occurs here (compare 
( 12. 9p below), g is subject to two fundamental controls. 

Theorem 2.4 (Denjoy-Carleman-Ahlfors, cf. |T6, p. 303, p. 307]). 

(2.5) #{A £ TS{g); A is direct} < 2p V 1. 
Moreover, if g is entire, then 

(2.6) #{Ae TS(g);g(A)eC}<2p. 

Theorem 2.7 (Bergweiler-Eremenko [3j Theorem 1']). If A = {A r } £ 
TS(g) is indirect, then there exists (c^) C C(g) \ g~ 1 (g(A)) such that 
Ck — > A as k — > oo. In particular, g(A) is a derived point of g(C(g)). 

We record one consequence of Theorem 12.41 

Lemma 2.8. Suppose that p g < oo. If A = {A r } £ TS(g) is direct 
and r > is small enough, then for every t £ (0,r), A t is the only 
component of g^iJJt^g^A))) contained in A r . 

Proof. Otherwise, there exists (rj)j^ C R >0 decreasing to such that 
for each j £ N, there is a component B r . +1 of g^ 1 (U rj+1 (g(A))) other 
than A r . +1 and contained in A r .. Since A is direct, we may assume that 
h(A ri ) ^ g(A). Then for every j > 2, there exists = {B ] r } £ TS(g) 
such that g(Bi) = g(A) and B° r . = B r . C ^4 rj „i \A rj , so that all are 
not only direct but also mutually distinct. This contradicts (12.51) . □ 

Schroder maps. When g is a Schroder map h of / as in §H Valiron 
calculated that 

(2.9) * = £fj5«»> 

(cf. [211 P- 160]), so those results may be applied to h. 

The next theorem seems well known. We sketch a proof for com- 
pleteness. 

Theorem 2.10. For every Schroder map h of f with p = 1, 

(2.11) E(f) := {a £ C; f~ 2 (a) = {a}} = {a £ C; h~\a) = 0}, 

(2.12) h(C(h)) = {Jf(C(f))\E(f). 

ken 
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Proof. We recall (cf. [HJ Lemma 4.9] or [To! Theorem 2.3.3]) that 
E(f) C C(f) and that 

(2.13) E(f) = {a G C; # |J /">) < oo}. 

Let J5p(/i)* be the last term in fl2~TTD . Suppose that a G C \ #(/). 
Then by (I2.13p . # LX/eN f'K a ) = °°(> 3), so that by Picard's theorem, 
K C ) n U^n/^ ) + 0- This with (TO implies that h~ l (a) ^ 0, i.e, 
a G C \ E P (h)*. Conversely, suppose that a G C \ E P (h)*. Note that 
for every j G M, by repeated use of (11.11) . 

(2.14) h-\r{a)) = \-i{h-\a)). 

If a G E(f), then by the first equality in (j2.1ip . we would have h~ 1 (a) = 
h~ 1 (f~ 2:i (a)) = X^ 2j (h^ 1 (a)) for every j G N. Hence since |A| > 1 and 
h is continuous at 0, we would have G /i _1 (a), and z = h(0) = a G 
{E(f) C)C(f). This contradicts that f'{z ) = A ^ 0. 

We have shown (12.111) . We can show (12. 12ft by repeated use of (11.11) . 
the chain rule and the fact that h'(w) ^ if \w\ is small enough. □ 

Remark 2.15. We note another description of E(f): 

E(f) = E P (h) := {a G C; #/i _1 (a) < oo}. 

By (12. lip . E(f) = E P (h)* C E P (h). Conversely, suppose that a G 
E P (h). Then by (jZZED , we have for every j G N, fth^if-^a)) = 
< oo. Hence U^n/^) c ^pW, and #^p(^) < 2 by 
Picard's theorem. Thus by (I2.13p . we have a G E(f). 

Since E(f k ) = E(f) for every k G N, we have £(/) = ^ P (/i)* = 
Ep(h) even when p > 2. 

Corollary 2.16. Let h be a Schroder map of f . Then 

(i) if f is a polynomial, then h is entire; 

(ii) every direct A G TS{h) is periodic. If h is also entire, then 
every A G TS{h) is periodic; 

(iii) for every indirect A G TS(h), h(A) is a derived point of the 
critical orbit \J km f k {C{f)) of f . 

Proof. The assertion (E]) follows from (12.111) with a = oo G E(f), (In]) 
from Theorems 11.41 and 12.41 and (1ml) from (12.121) and Theorem 12.71 □ 

3. Proof of Theorem 11.41 

For a meromorphic map g on C, the following is straightforward: for 
A={A r },B={B r }eTS(g)(cm), 

(3.1) A = B^A~B. 

Replacing f p by / if necessary, we assume that p — 1. Put h := 
h o A -1 . For every A = {A r } G TS(h), we have {XA r } =: A = 
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{A r } G TS(h). We show that there exists the (unique) B = {B r } G 
TS(f o h){= TS{h) since foh = h) with B ~ A: put a := h(A)(= 
h(A)) and 6 := f(a). For every r > 0, there exists s > such that 
U s (a) C f-\U r (b)), and let 5 r be the component of ^(/"^(fe))) 
with A s C -B r . Then we have £> := {-B r } £ 51- Conversely, for every 
r > 0, if s > is small enough, then (f(h(B s )) c)U s (b) C f(U r (a)), so 
that h(B 8 ) C / _1 (/(C/ r (a))). Since I,cB,n A r for some i > 0, we 
have 7^ h(B s ) n U r (a). Hence if r > is so small that / : Z7 r (a) — > 
f(U r (a)) is proper, then h(B s ) C U r (a), and so (0 7^ A t c)-B s C A r . 
Hence we have <6 ~ A, and £> G TS(f o h). 

We define A : TS(h) — > TS(h) by AA := i3, which is injective by 
(13. ip . Moreover, if r > is small enough, then U r (a) H f~ l {b) = {a}, 
which implies that B = AA is direct if and only if so is A. 

We show the surjectivity of A : TS(h) — > TS(f oh) — TS(h): let 
B = {B r } G TS(f o fc) and put b := (/ o fr)(B). For every t > 0, 
the inclusion f(h(B t )) C gives the component Vp 1 of f~ l (U t (b)) 
with fc(.B t ) C Vp 1 . Then V' 1 C if s < *, and Pl^o is a 
singleton {a} C Moreover, for every r > 0, there is s > with 

(h(B s ) c)^ 1 C U r (a), and hence there exists the component A r of 
~h- l (U r (a)) such that fi s C A r . Then A := {A r } G 9t. Conversely, for 
every r > 0, if s > is small enough, then ((/ o h)(A s ) C.)f(U s (a)) C 
U r (b), so that (B t c)A s C -B r (for some t > 0). Hence A ~ £> and 
A G Putting A := {A- X i r } G TS(fc o A) = TS(h), we have 

AA ~ {A(A- 1 i r )l = A ~ £, so that AA = B from fl3TTp . □ 

4. Proof of Theorem [TJ 

Let / be a rational function on C of degree d > 2, and fa a Schroder 
map of / as in Replacing / p by / if necessary, we assume that period 
p — 1, and extend A : C — > C to A : TS(h) —>■ TS(h) as in Theorem 
Ol Fix .A = {A r } G TS(fc), and put a := /i(A) and U r := U r (a) 
(r > 0). From (Ol) . A~ fc A ~ {A- fe A r } r>0 for every fceN. 

We introduce some notation. The inclusion f k (h(X~ k A r )) = h(A r ) C 
E/ r gives the component V~ k of f~ k (U r ) such that /i(A~ fc A r ) C V~ k . 
From the proof of the surjectivity of A in £j3j we have for every k G N, 

f|K- fc = {MA- fe A)}. 

r>0 

We first prove (11.81) and (11.9p . leaving (jl.7p to the end. 

Periodic .4.: in the case that A is periodic under A, without loss 
of generality, we assume that A _1 A = A, so that for every k G N, 
A ~ {A- fc A r } r>0 and fl^o K~* = M- 

When /'( a ) = O5 we immediately have a G AT(f). Suppose that 
/'(a) 7^ 0. If r > is small enough, then for every t G (0, r], / : — > 
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U t is univalent and fixes a, and we denote its inverse by 

fT 1 : U t - V t -\ 

Since f] r>0 A r = 0, diminishing r > if necessary, we may suppose 
that 

(4.1) A r c{\w\>l}. 

If a is a repelling or Siegel fixed point of /, then there exists t £ (0, r) 
such that for every k £ N, (/ r _1 ) fc is well defined on Ut and 

h(\- k A t ) c v t - k = U; l ) k (u t ) c u r , 

so that (A s c)A~ fc v4 t C A r (for some s > since A ~ {A~ fc v4 r }), which 
contradicts (14.11) since always |A| _1 < 1. Now we have proved fll.Sp . 

If a £ PB(f) U CM(f), then for every t £ (0,r), Theorem O yields 
a Siegel compactum associated to (f^,U t / 2 ,a), so that ff (K t ) = 
K t C For every component L of /i — 1 ) with L C At, the inclusion 
f(h(\- l L)) = h(L) C K t implies that 

h(\~ l L) c n rW c V7 1 n r\K t ) = ft\K t ) = K t . 

Let L be the component of /i -1 (i^t) such that A _1 L C L. Then h(XL) = 
f(h(L)) C /(# t ) = f(ft-\Kt)) = K t , so that (L c)XL C L. From 
A = A^A ~ {A _1 A r }, by decreasing t £ (0, r) if necessary, we have 

L = X^L c A" 1 ^ n h-^Kt) cA r n hr\u t ). 

If A were also direct, then diminishing r > if necessary, we even have 
A r PI h^^t) = A t from Lemma T2.8I Hence by induction, for every fc £ 
N, X~ k L must be a component of h~ l (K t ) such that X~ k L C A(c A r ). 
This contradicts (14. ip as before. 

Thus we have proved fll.9p since every direct transcendental singu- 
larity of h is periodic under A from Corollary 12.161 (ju]) . 

Indirect A:, we now assume that A is non-periodic and indirect, and 
show (11.71) by eliminating any other possibility for a = h(A). 

Suppose that a £ F(f). For every k £ NU{0}, let D~ k be the Fatou 
component of / with h(A- k A) £ D- k , so that /(LH fe+1 )) = D~ k . 

For every k £ N U {0}, D~ k is cyclic: otherwise, all D~ k for k 
large enough are not cyclic, and are mutually disjoint. Then since 
#C(/) < oo, we have for all large k, D~ k n C(f) = 0, i.e., D~ k n 
{{J eeN f{C{f))) = 0. Hence by Corollary £DJ all for k 

large enough are not only distinct but direct, which contradicts (I2.5p . 

From this fact and Corollary 12.161 (lull) , we must have one of two 
alternatives: a = h(A) £ AT(f) (desirable) or all D~ k are rotation 
domains of /. However, the second situation cannot occur: fix r > 
with U r C D°. Then for every k £ N, h(K- k A) £ V~ k C D~ k , so that 

h{X- k A r ) C D- k . 
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If all D~ k were rotation domains, then f k : D~ k — > D° is univalent for 
every k G N. Since /i'(0) 7^ 0, < t} is univalent for t > small 

enough, and then by repeated use of (II. ip . 

(/i : {u> G A r ; |w| < |A| fc t} -> D ) 

= : IT* -> D°) o (/i : { w G A^A,; |w| < t} -> ZT fc ) o A~ fc 

is univalent for all 6 N. Hence A r R C(/i) = 0, which contradicts 
Theorem 12.71 since A is indirect . 

Finally, suppose that a G J(f)\(PB(f)UM(f)). We apply Theorem 
12. II to U = U r (a) for r > small enough. Fix t > such that < 
t} is univalent, and for this t > 0, put <f> t := (/i|{|it?| < : | w| < 

t}) — > {|w| < t}. Also fix s > such that U 2s (z ) m h({\w\ < t}) 
(zq = h(0)). For all large k G N, (j2.2p shows that diamT^T* < s, and 
since G <fi t (U s (z )), 

(4.2) A-^n &(£/.(*,,)) ^0. 

Hence from /i(A~ fe A r ) C V~ k , we have V^T fc n U s (z ) 7^ 0, and since 
diamV r ~ fe < s, V£~ fe C C/ 2s (^o)- We recall again (14. 2 p and deduce that 
A~ fe A r C <j>t{U2s{zo)) . This cannot be true since A r is unbounded. □ 

5. Proof of Theorem [2] 

Replacing / by an appropriate iterate if necessary, we assume that 
N = 1, so that XW = W, f(D) = D and f(a) = a. 

Fix wo G W, consider an arc 7 : [0, 1] — > H 7 with 7(0) = u>o and 
7(1) = A wo, and extend the domain of 7 to (—00, 00) via the func- 
tional equation ( 11.101) (with N = 1). Then for every k G N and ev- 
ery s G [0, 1], j(k + s) = A fe ( 7 (s)) G A fe ( 7 ([0, 1])) and h(j(k + s)) G 
/ fc (/i( 7 ([0,l]))). Since 7([0,1]) C (W C)C* and fc( 7 ([0, 1])) C D, we 
have 7(t) — > 00 and h{p/{t)) — > a as £ — > 00. Thus 7 is as described in 
Theorem [21 to which A 7 G TS{h) may be associated. 

From now on, suppose that a G AT(f). 

If 7(0) = w G TV D /i -1 (a), then by /(a) = a and (O), 7O) = 
X k wo G /i -1 (a) for every k G N. Hence, since 7 (A;) — > A 7 as k — ► 00, 
A. 7 is indirect. 

Next, suppose that f~ l {a) C\ D ^ {a}. First, putting the backward 
orbits BO := LLn(/ : D ^O^O) of a in D, we have #BO = 00: 
otherwise, since BO is (/ : D — > D) _1 -invariant, every a' G BO must 
be periodic, and then a' must equal a, so that f~ l (a) C\ D — {a}, 
which is a contradiction. Second, we also have #(D \ h{W)) < 00: 
for each b G D \ h(W), there exists B = {B r } G 0t such that for all 
small r > 0, B r is a component of U r (b) with S r C H 7 . We claim 
that f] r>0 B r = 0: otherwise, f] r>0 B r must be a singleton in h~ l {b), 
and hence ^(H 7 ) D ^(HrX)^') = W' which is a contradiction. Hence 
B G TS(h) with /i(£>) = 6, and $ must be direct since b h(W). This 
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with (12.51) yields \ h(W)) < #(direct singularities of h) < oo. 

Consequently, #(£>0 fl h{W)) = oo, which provides W\ G W such that 
f n {h{wi)) = a for some n G N. Thus h(\ n wi) = a from (II. II) . so that 
X n Wl G \ n W n /T^a) = ^ n /r^a). Hence W n hr x {a) + 0. 

Finally, suppose that some A = {A r } G TS(h) with /i(^4) = a is 
indirect and that A r G W for some r > 0. Then by Theorem 12 .71 there 
is c G A. n C(/i) \ h~\a)(c W). Fix t > such that h\{\w\ < t) is 
univalent (using h'(0) ^ 0), and fix £ G N such that \~ l c G {\w\ < t} 
(using |A| > 1). By (II .ip and the chain rule, 

t-\ 

= h'(c) = (foho A^)'(c) = J] f'(f(h(\- l c))) ■ h'(X~ e c) ■ X~ e , 

i=0 

which implies that f l (h(\~ e c)) G C(f) for some i G {0, ...,£ — 1}. For 
this i, from ( 11 .11) and f (a) = a ^ h(c) , we also have 

a ^ f (/i(A- £ c)) = /i(A- ( ^ i} c) G ^(A-^WO = C D. 

Hence D n C(/) ^ {a}. □ 

6. Proofs of Corollaries [2] and [3] 

Proof of Corollary^ For a transcendental entire function g and ^4 = 
{A r } G TS(g), we denote by ^4*(0) the component of C\A r containing 
(if exists), and say that A is non-annular if A*(0) is unbounded for 
all small r > 0. Note that if A j = {A 3 r } G TS(g) with ^(^') = oo ( j = 
l,...,q') are mutually distinct, then {^4 J }j must be totally separated 
in that 

(6.1) U4 c (^)*(o) (j = i,...,g') 

for all small r > 0. ( 16.11) implies that when q' > 2, all A^ (j — 1, . . . , g') 
are non-annular. 

To prove (I1.12p . we need a spiral version of Ahlfors's theorem (see 
our discussion of (11.121) ). which we formulate here as Theorem I6.2| the 
argument which seems useful to us is from Jenkins (5J §3] and Hayman 
pj Theorem 8.21]. 

Theorem 6.2. Let g be an entire function of finite order p, consider 
mutually distinct A^ G TS(h) with g(A j ) = oo (j = l,...,q'), and 
suppose that A 1 is non- annular when q' — 1. Then for every asymptotic 
arc 7 of h to which A 1 is associated, 

Remark 6.4. The assumption that A^ is non-annular is required be- 
cause we work with the image of A 3 r under a branch of logarithm in the 
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proof. An entire function of order < 1/2 shows that such a condition 
is essential. 

We have already hinted at the proof of Corollary [2] in ^TJ 
By Eremenko and Levin, each component W of h~ 1 (D OQ ) is periodic 
under A. Thus W C G W n h~\ J(f)) (since |A| > 1) and 

(6.5) G dW. 

For a given W, Theorem [2] yields an asymptotic arc jw : (— oo, oo) — > 
W with lim^ 00 /i(7 W (t)) = oo, to which A w = {A™} e TS{h) may 
be associated. We check that {.A^j^/ is totally separated, and that 
flELp implies that all A w are non-annular. Then Theorem 16.21 may be 
applied to {*4. w }vP) and all satisfy (11.12)) (for q' = q^). 

For all small r > 0, U r {oo) C D^, so that 

(6.6) A™ C W. 

Hence (16.51) and ( 16.61) show that {^4^}^ is totally separated. 

Let Jq be the component of h~ l (J(f)) containing 0. Since W C 
h~ l (F(f)), J H W = 0. Hence from and (JEBD, we have 

(6.7) Jo C (A r w )*(0), 

using the notation introduced at the beginning of this section. By the 
/-invariance of J(/) and (11 . II) . we also have 

AJo C Jo- 

From now on, we assume (1EL)) . which is equivalent to 

^ {0} 

since /i is analytic near (and h(0) = z ). Then J is unbounded (since 
|A| > 1) and A w is non-annular (by (16.71) ). 

The fact that J is unbounded (when (jELp holds) also implies that 
W can contain no closed curve winding around 0, so that there is a 
single-valued branch axg w {-) of arg(-) on W. 

Using Theorem[2} we may assume in addition that satisfies ( 11.101) . 
and hence (11.131) . For each W and each R > 0, let tw{R) be the least 
t > such that |7w(t)| = R, an d put Pw(R) '■= 7w(tw(R))- The 
set {Pw(R)}w has a natural cyclic order on the (counterclockwise- 
oriented) circle {\w\ — R}, which induces a cyclic order of components 
W of /i~ 1 (/J' 00 ) such that W is the j-th component of /i~ 1 (/J) 00 ) if and 
only if P W (R) is the j-th point in {P W (R)} W . Let us denote by Wj 
the j-th component of /i~ 1 (D 00 ) (j = 0, . . . , — 1). Replacing •yxw if 
necessary, we may further assume that for every W, jxw = A • jw, so 
that P\w(\X\R) = A • Pw(R)- This yields the unique = Poo(h) G 
{0, . . . , goo — 1} such that for each j = 0, . . . , — 1, 

(6-8) *W j = W j+Poa ( pmdqoo) . 
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Hence, recalling that qw = min{iV G N; X N W = W}, we observe 
that q := qw is independent of W and that qoo/q ='■ rn^ = ^rioo(h) G N 
is the number of cycles of components of h~ 1 (D OQ ) under A. We also 
recall pw from (jl.l4p . and observe that pw ■ Qoo — Qw 4 Poo- Hence 
Pw = Poo/moo ='■ P is also independent of W. 

Now the proof of Corollary [2] is completed by the spiral inequality 
( 11. 1211 for 714/ together with the calculation 

^Swhw(k)) _ k(q argX - 2np) + arg w (-f W (0)) 

log\ lw {k)\ log(|A|^| Tw (0)|) 

from (Q31) and fTTlIj) for any W. □ 

Remark 6.9. The fact that oo G also implies that every asymptotic 
arc 7 : (— oo, oo) — ► C with lim^oo h(j(t)) = oo is contained in some 
component W of h^ 1 (D OQ ). Hence to show (jl.!2p for this 7, we can 
always take 7 as jw from the above proof. 

Proof of Corollary^ The following, which uses standard ideas but ap- 
pears to be new, may have independent interest. The hypothesis of 
finite order is essential. For completeness, we include the proof in §7J 

Theorem 3. Let g be an entire function of finite order p. If g does not 
cover a G C completely (in the same sense as discussed before Corollary 
then a G g(TS(g)). 

By Corollary 12.161 @, every Schroder map h of f c must be entire, 
and hence by Corollary 12.161 (J11J) , every A G TS{h) is periodic. 

Let c G int C (recall C from the end of §1). Then f c has no indifferent 
periodic point (cf. [131 Theorem 4.8]), and hence from (11. 8p of Theorem 
[U h(TS(h)) C AT(f c ) for every Schroder map h of f c . 

If a Schroder map h of f c does not cover a G C completely, then 
a G h(TS(h)) by Theorem [31 so that as we just observed, we have even 
a G AT(f c ), which implies that c G TC. Conversely, if c G 7i, then there 
is a G AT(f c ) fl C, and by Corollary (H there is a Schroder map h of f c 
such that a G h(TS(h)). Clearly, fa cannot cover a completely. □ 

7. Proof of Theorem [3] 

The hypotheses guarantee that g is transcendental. A consequence of 
this (with the identity theorem) is that for every r > 0, the cardinality 
of a subset of S(r) := {\z\ = r} on which either \g\ or argg (mod 27r) 
is constant must be finite. 

We may suppose that a = 0, and consider a sequence (r n ) C M>o 
with r n \ as n — > 00 and a sequence of unbounded components A n 
of preimages of D n = {\w\ < r n } under g. It is enough to show that if 
p > 2p, then A n (n = 1, . . . ,p) cannot be mutually disjoint. 

Suppose that A n (n = 1, . . . ,p) were mutually disjoint. Increasing 
each r n slightly if necessary, we can assume that no critical value of 
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g lies on Un=i{l u 'l = r n}- From the observation above, the boundary 
dA„ (n = l,...,p) consists of finitely many (analytic) Jordan arcs 
whose endpoints are both z = oo. 

The next lemma contains the main idea. 

Lemma 7.1. Let F be a simply- connected unbounded component of 
{\z\ > r} \ (A m U A n ), where m ^ n, whose boundary consists of a 
subarc of S(r) for some r > and unbounded Jordan subarcs 7 of dA m 
and 7' of dA n , each of which has an endpoint on S(r). Then g is 
unbounded in F . 

Proof. Suppose on the contrary that g is bounded in F. Then by 
Lindelof's theorem [HI p. 75], if g(z) converges as z — ► 00 along two 
asymptotic arcs in F and the limits are both in C, then they must 
coincide. 

At once from the Cauchy-Riemann equations, (any fixed branch of) 
argg (not mod 2tt) varies monotonically along each of the arcs 7,7' C 
F. If the variation of arg g were bounded on each of 7 and 7', then g(z) 
converges as z —>■ 00 along each of them, and by Lindelof's theorem, 
the limits must be same, which cannot be since r m 7^ r n . 

Thus, with no loss of generality, we may choose any fixed branch of 
argg on 7, and it will be unbounded on 7. On the other hand, there 
are (in fact uncountably many) distinct (fii,(f2 E [0, 2tt) such that no 
critical value w satisfies a.rgw = <p\ or cp 2 (mod 2ir). 

For each j = 1,2, we may choose infinitely many mutually distinct 
Zjk E 7 (k E N) with aigg(zjk) = <fj (mod 2%). For each zj k , there 
exists the (maximal) lift Tjk C C 2 by g of the radial ray (r m , 00) 9tM 
te liPj E C w with an endpoint Zjk- Since the ray {w E C; arg if = ipj} 
is free of critical values, Tjk H Tjk> = if k 7^ k'. In addition, as we 
noted in the beginning of this section, Tjk can intersect S(r) for at most 
finitely many k. On the other hand, for every k, Tjk cannot intersect 
7'U7 since |(<7|.F)| > r m near 7 and |(g|-F)| > r n near 7'. Consequently, 
for all large k, the maximal lift is a Jordan arc in F tending to 00. 
Then since g is bounded in F, there must exist t = tj k E (r m , 00) such 
that g(z) — > te %tpi as T jk 9 2->oo. 

However, by Lindelof's theorem, all the limits coincide for j = 1,2 
and all large k, so that (pi — (p%, which is a contradiction. □ 

Now we complete the proof of the theorem. Once we fix r > large 
enough, we obtain at least p of mutually disjoint domains F satisfying 
the hypotheses of Lemma 17.11 However, 

Lemma 7.2. If p > 2p, then g must be bounded on at least one of 
these F. 

Proof. We need a standard estimate of harmonic measure to (cf. [T6l 
XI. §4]). In the following, G\,G%{> 2 log 2), C3, C4 denote some positive 
constants independent of R > 0: 
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Let F C C be an arbitrary domain intersecting S(t) so that S(t)\F ^ 
for every t >r, and let Op if) the angular measure of F fl S(t). Then 



u(-, F, F n S(R)) < d exp -7T / — — on F n A(2r, R/2) 




as soon as R/2 > 2r, where A(r, R) := {r < \z\ < R}. Let F ± , . . . , F e C 
C (£ G N) be arbitrary mutually disjoint domains intersecting S(t) for 
every t > r, with angular measure 0j(t) := Op(t) as above. Note that 

^2j=iQj(t) < 27T for all such t. Then by an argument involving the 
Cauchy-Schwarz inequality, we find some j G {1, ■■■,£} and a sequence 
(Rk) C K. tending to oo as k — > oo such that for every R = R k , 



J 2-i 



Applying these estimates to p of our domains F, we conclude that 
for one of these F, there is a sequence (Rk) C K. with ^ / oo as 
fc — > oo such that for each R = Rk, 

uj(-, F,FH S(R)) < C 3 (R/r)- p/2 on F n A(2r, i?/2), 

while (since (r m ) decreases,) we have log |p| < logr! + (max5( r ) log |(?|) < 
C4 on (9F. Since p is entire, we also have 

logmax| 2 | =r log + |#(2)| 
p = lim sup 



logr 

from which, for all small e G (0, (p — 2p)/2), we have for all large R, 
log \g\ < R p+t on S(R). Thus by the two-constants theorem, for all 
large R = Rk, 

log \g\ < C 4 + • C 3 (R/r)~ p/2 < 2C A on F n A(2r, i2/2). 

Hence p is bounded on F. □ 
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His book Meromorphic Functions went through two editions, and 
even today may be the most efficient introduction to classical Nevan- 
linna theory in one complex variable (it was also the first text in Eng- 
lish!). The first two chapters develop the fundamental theorems estab- 
lished by Rolf Nevanlinna in the 1920s, but every other chapter was 
centered on a topic which quickly led the reader to open questions, 
whose resolution has been a major activity for 30-plus years (Chapter 
4 was my focus). His series of problem compilations, an activity begin- 
ning a few years before MF, efficiently covered a large variety of fields 
related to one complex variable (including some higher-dimensional 
questions). In those pre- internet days, assembling the material from 
colleagues all over the world required special effort. Until recent times 
(circa 1990) international contact was difficult in many countries, and 
his visits, letters and collections played an important role in supporting 
colleagues and students from these countries. 

In his dealings with colleagues, he was always encouraging, and rais- 
ing interesting questions for study. We met in 1967, Montreal, where I 
asked him a question about minimum modulus. Several weeks later, I 
received his example, which was the kernel of several of my later works 
(some joint with Dan Shea). At conferences he always had time to talk 
to participants, in a way that was always enthusiastic, supportive; he 
treated everyone with the same courtesy and spirit. 
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